A note on embeddings of 5*4 and into the 
Cremona group and versal Galois covers 
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Abstract 

In this article, we prove that two versal Galois covers for S4 and introduced 
in f^, ^H] and ^Hl are birationally distinct to each other. As a corollary, we 
obtain two non-conjugate embeddings of 5*4 and into Cr2(C). 

Introduction 

Let X and Y be normal projective varieties defined over C, the field of complex 
numbers. A finite surjective morphism n : X ^ Y is called Galois, if the induced field 
extension C{X)/C{Y) of the field of rational functions is Galois. Given a finite group 
G, we simply call n : X ^ Y a G-cover if it is Galois and Gal(C(X)/C(r)) = G. In 
PTj and [inj, a notion called "versal Galois covers" is introduced, of which definition is 
as follows: 

Definition 0.1 Let G be a finite group. A G-cover w : X ^ Y is called a versal Galois 
cover for G or a versal G-cover if it satisfies the following property: 

For any G-cover n : W ^ Z, there exists a G-equivariant rational map fi : W ---^ X 
such that 

fx{W)^FixiX,G), 
where Fix(X, G) := {x ^ X \ the stabilizer group at x, G^ 7^ {!}}■ 

Remark 0.1 The rational map fi induces a rational map JI : Z --^^ Y . Concerning this 
rational map Jl, there exists a Zariski open set U such that (i) U C dom(/l), dom(«) 
being the domain of a rational map •, and {ii) tt~^{U) is birationally equivalent to 
U XyX over U. (see P|, Proposition 1.2). 

*Key Words and Phrases: versal Galois cover, Cremona embedding, 2000 MSG 14E20, 14L30. 
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The notion of versal G-covers implicitly appeared in ^2] and ^3] as the "pull- 
back" construction of G-covers, and Namba showed that there exists a versal G-cover of 
dimension tj(G) for any finite group G. Namba's model, however, has too large dimension 
for practical use. 

By Theorem 6.2 in there exists a 1-dimensional versal G-cover if and only if G is 
either a cyclic group or a dihedral group of order 2n (n: odd). As an next step, in |17j . 
|18j and ^H] , we studied 2-dimensional versal G-covers and gave some explicit examples. 
For a finite subgroup G in GL(n, Z), Bannai and Tsuchihashi construct versal G-covers 
of dimension n by using toric geometry in 1] and JH]- Among explicit examples in [17] . 
[THj . two different versal G-covers, ruG,i : Xi — > Fi and Wg,2 : X2 ^ Y2 are given for 
the case when G is 5*4, the symmetric group of 4-letters and A^, the alternating group 
of 5-letters (see §1 for description of Xi and X2). By definition of versal G-covers, 
there exist G-equivariant rational maps fii : Xi --■> X2 and fi2 '■ X2 Xi such that 
Hi{Xi) ^ Fix(X2,G) and fi2{X2) (f. Fix(Xi,G). Moreover, X\ and X2 are del-Pezzo 
surfaces. Under these circumstances, it may be natural to raise a question as follows: 

Question 0.1 Let G be either 54 or A^. Let wq^i '■ X^ ^ Y\ and ^^,2 : X2 Y2 be 
versal G-covers as above. Does there exist any G-equivariant birational map from X^ 
to X2I 

In this note, we consider Question 10. II and prove the following: 

Theorem 0.1 There exists no G-equivariant birational map from Xi to X2 

Since both Xi and X2 are rational, their birational automorphism group is the 2- 
dimensional Cremona group Cr2(C). For G = 6*4, ^5, we have two different embeddings 
Vi-.G^ Cr2(C) (i = 1,2) via G C Aut(X,) C Cr2(C)(i = 1,2). Our theorem implies 
that rii{G) is not conjugate to ?72(G) in Cr2(C). Combining Proposition 0.3 (i) in [THj . 
we have the following corollary: 

Corollary 0.1 Both 5*4 and A^ have at least 3 non-conjugate embedding into Cr2(C). 

Our results could be found in old literatures such as •10^ and ^U\, but we would 
like to emphasize that our question comes from the study of versal G-covers, which is 
a rather new notion. Also conjugate classes of finite subgroups of Cr2(C) have been 
studied by several mathematicians 0, [0], [El)- The notion of versal G-covers 
may add another interest to this subject. 

This article goes as follows. We first give a detailed description of the versal G-covers 
TAjG,i '■ Xi —>■ Yi [i = 1, 2) in §1. In §2, we explain our main tool, "Noether's inequality," 
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which plays important role in jB] and |n|. We prove Theorem lU.il in §3. In §4, we consider 
rational maps between Xi and X2 in the case of G = S'4. 

Acknowledgement A key step of this note was done during the second author's visit 
to Ruhr Universitat Bochum. He thanks Professor A. Huckleberry for his comments 
and hospitality. 



1 Versal S4- and A5- covers: Two examples 
1.1 Versal S'4-covers 

Let 5*4 be the symmetric group of 4-letters. In order to describe 5*4, we use the following 
representations: 

Generators: cr, r, Ai,A2 

Relations: cr^ = = A^ = Ag = 1 

ar = r'^a, X1X2 = A2A1 

aXia = A1A2, (TA2O" = A2 

T^XlT = A1A2, T^X2T = Ai 

Let p : S4, ^ GL(3, C) be a faithful irreducible representation as follows: 



a 





Ai 



Versal 5'4-cover tus^,! : Xi ^ Yi 

Let Xi be a surface in x x P^ defined by the equation 

xoVoZo - xiuizi = 0, 

where {[xq, xi], [yo, yi], [zq, zi\) denotes the homogeneous coordinates. Put x = xi/xq, y 
yi/Uoi z = Zi/zq. Define an 5'4-action on x P^ x P^ as follows: 

{x,y,zY = {y,x,z), 

{x,y,zy = {y,z,x), 

{x,y,z)^^ = {-x,y,-z), 

{x,y,zY^ = {-x,-y,z). 
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The defining equation of Xi is invariant under tliis S'4-action. Hence 5*4 acts on Xi. Put 
Yi = Xi/G and denote tlie quotient morpliism by tJj^^ : Xi ^ Yi. By [T^ and [T^ . 
GJs^^i : Xi Yi is a versal S'4-cover. 

We look into some properties of Xi with respect to this S'4-action for later use. We 
first remark that Xi is a del-Pezzo surface of degree 6, i.e., Xi is obtained by blowing-up 
at distinct 3 points of P^. 

Lemma 1.1 The divisor given by xoyoZQ = is a cycle of rational curves Ci, C2, . . . , Cg. 
Each Ci is a smooth rational curve with Cf = —1. 

Proof. Let pu : x x P^ — P^ x P^ be the projection to the first two factors. By its 
defining equation, we infer that the restriction of pu to Xi is the blowing-up of P^ x P^ 
at ([1, 0], [0, 1]) and ([0, 1], [1, 0]). Our statement easily follows from this observation. 

Lemma 1.2 LetPic(Xi) be the Picard group of Xi. Then the S4 invariant partPic'^'^(Xi) = 



Proof. —Kx^ ~ X]j=i ^"^^ easily check that the divisor class in the right 

hand generates Pic'^''(Xi). 

For X G Xi, we put = tlO(a;), where 0{x) denotes the orbit of x. For later use, 
we study points with d^ < Q. 

Lemma 1.3 (i) There are no points with d^ = 1,2,5. 
(a) There are 12 points with d^ = 4: as follows: 



where the coordinates means the affine coordinates {x,y,z) and uj = exp(27rV— 1/3). 

These 12 points consist of 3-orbits. 

{Hi) There are 6 points with dx = 3 as follows: 





Pi([0, 1], [1, 0], [0, 1]), P2([l, 0], [0, 1], [0, 1]), Psi[0, 1], [0, 1], [1, 0]), 

gi([i, 0, ], [1, 0], [0, 1]), g2([i, 0], [o, i], [i, o]), Q3([o, i], [i, o], [i, o]). 



These 6 points consist of 2 orbits. 
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Proof. Note that r acts on the divisor XqUqZq = freely and the subgroup (Ai, A2) has 
no fixed points on the affine surface xyz = 1. Taking these observation into account, we 
can easily check the above statement by direct computation. 

Lemma 1.4 Divisors given by the equations Xi = u'^Xq {i = 0, 1,2) are rational curves 
with self-intersection number 0. 

Proof. By the proof of Lemma 11.11 we infer that the divisors as above come from those 
in X with self-intersection number and all of these divisors in x P^ do not 
pass through ([1, 0], [0, 1]) and ([0, 1], [1, 0]). This implies our statement. 

Versal S 4-COVer G754,2 • -^2 — >■ Y2 

By Proposition 4.1 (ii) in jT7j, we have a versal S'4-cover P^ — * P^/S'4 by using p. 
Put X2 = P2, Y2 = P^/S'4 and zus4^,2 = the quotient morphism. 

1.2 Versal 745-covers 

We first start with the following lemma. 

Lemma 1.5 Let S be a smooth projective surface such that acts faithfully on S . Let 
dx be the one as in Lemma \l . ^ Then there exists no point x on S with dx < 5. 

Proof. Case dx = 1. Assume that there exists a point x with dx = 1. Then we have 
a non-trivial homomorphism rj : —>■ GL(Ta;5'), where TxS is the tangent plane at x. 
Since A^ is simple, rj is injective, but A^ has no 2-dimensional faithful representations. 

Case dx = 2. Assume that such a point x exists. The stabilizer group Gx at x is a 
subgroup of A5 with index 2. This implies that A^ \> Gx, which is impossible. 

Case dx = 3, 4. Assume that such a point exists. Then we have a non-trivial 
homomorphism from A^ to the symmetric group of either 3 or 4 letters. The kernel of 
this homomorphism is a non-trivial normal subgroup, which is a contradiction. 

Versal As-cover zua^,! '■ Xi ^ Yi 

Let Xi be a del-Pezzo surface of degree 5. It is known that Aut(Xi) = ^5 (e.g., see 
[TT]). Based on the result in [7j, we have proved Xi — > Xi/As is a versal A^-cover. Put 
Yi = X1/A5 and zua,„i : Xi Yi. Note that Pic^''(Xi) = Z{~Kx) in this case also. 

Versal As-cover zua5,2 : X2 Y2 

Let p : A5 ^ GL(3, C) be a faithful irreducible representation. By using p, we obtain 
another versal As-cover ^0^5,2 '■ -^2 ^ Y2 in the same manner as in the versal 5'4-cover 
^S4,2 : ^2 Y2, i.e. X2 = P^, Y2 = F'^/A^, and tuas,2 = the quotient morphism. 
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2 Noether's inequality 



In this section we explain Noether's inequahty in our setting. The proof is identical to 
the proof of the general form of Noether's inequality given in [H]. We only need to keep 
in mind that we are using G-invariant linear systems. 

Let X and X' be smooth projective surfaces with G-action. Let K-x (resp. JCx') 
be the canonical linear system of X (resp. X'). Let $: X X' be a G-equivariant 
birational map. Let Tix' be a G-invariant variable linear system of divisors on X' which 
does not have any fixed components. Let TCx = ^'^{'Hx/) be the proper inverse image 
of Ti-x'- Note that $ is G-equivariant, so Tix is also G-invariant. 

Let 1]: Xx — > X be the G-equivariant resolution of indeterminacies of $ ^3]. It is a 
composition of G-equivariant blow-ups along smooth centers, which are blow-ups along 
0-dimensional G-orbits 0{x) in our case. Let ip = ^ o -q. 

r]N,N-l VN-l.N-2 m.l Vlfi 

V- Xn ^ ^N-i ^ • • • ^ Xi Xq = X 




rji+i^i is a blow-up along a 0-dimensional G-orbit 0{xi). Let rjj^i = rjjj^i o ■ • • o rji^i^i 
{N>j>i + l>l), r]N,N = idxjv- Let Hx^ be the proper transform of H' on Xx- Let 
H, and K, be a member of TC, and /C, respectively, where • = X, Xx, and X'. Then 

we have 

N-l 

Hxj, = V*Hx - r{xi)r]%^i^^{Ei+i) 

1=0 
N-l 

Kxr, = V*Kx + r]*^^i+^{Ei+i) 

1=0 

where r{xi) is the multiplicity of a base point Xi G 0{xi) (a point in the center 0{xi) of 
the blow-up of Hx, and Ei is the exceptional divisor of ?7i,j_i. We note that Ei is 

a disjoint union of (— l)-curves corresponding to the points in 0(xj), and r(xj) = r{xj) 
if 0{xi) = 0{xj) since Tix is G-invariant. 

Lemma 2.1 [Noether's Inequality] 
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(i) Under the notation above, suppose that Tix' + mJCx' = then there exists a 
0-dimensional G-orbit 0{x) consisting of maximal singularities (i.e. base points of Ti 
with multiplicity r > m), or else the adjoint linear system Tix + rnlCx is empty on X . 

(a) Under the same conditions, if there exists a variable family of curves C such that 
{Hx' + mKx')C' < then there exists a 0-dimensional G-orbit of maximal singularities, 
or else there is a curve C G X such that [Hx + mKx)C < 0. 

Proof. (i)We have 

N-l 

Hxn + mKxj^ = r]*{Hx + mKx) + ^(m - r{xi))7]*]^^^j^^{Ei+i) (1) 

Then by applying ip^, to both sides, we have 
Hx' + mKx' = ip*{Hxj^ + mKxj^) 

N-l 

= iP,v*{Hx + mKx) + - r{xi))r]%.^^{Ei)) 

i=0 

Since TCx' + mfCx' = by hypothesis the right hand side cannot be an effective divisor, 
hence r{xi) > m for at least one z, or else Tlx + rnlCx = 0- 

{ii)%lj*{Hxi + mKx') = {Hxj^ + mKxj^) + F where F is the exceptional divisor of ip. 
Then ip*C'F = 0. Then we have {Hxr^+fnKxj^)4'*C' < 0. Suppose that r{xi) < m for all 
i. Then by intersecting both sides of (Q) by C G '4)*C' we find that ri*{Hx + rnKx)'ip*C' < 
0. Hence {Hx + mKx)f]*'ip*C' < 0. A general member C' of ri^,il)*C' may be reducible 
but we have {Hx + mKx)C < for at least one irreducible component of C'. 

3 Proof of Theorem OHl 
3.1 The case of 

Suppose that there exists an S'4-equivariant rational map $ : Xi X2{= P^). Let A 
be the complete linear system given by the class of line L, and let $~^(A) be the proper 
image of A. Since the map $ is given by $~^(A), $~^(A) has no fixed components. 
Also $^^(A) is S'4-invariant. Hence H G $~^(A) is linearly equivalent to —aKx^ for 
some a > 1. Now apply Lemma l2.ll to A + a/Cxj and $^^(A) + a/Cxi- There exists 
an 5'4-orbit 0{x) of a; G Xi such that 0{x) is contained in the base points $^^(A) and 
the multiplicity r at each point in 0{x) is greater than a. As any element in $^^(A) 
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passes through 0{x) with multiphcity r, we have a^K"^^ > r'^d, d being tj(0(x)); and we 
have d < = 6. Hence 0{x) is one of the orbits described in Lemma fl.31 Following 
Iskovskhih we call this orbit a maximal singularity. 

Lemma 3.1 The orbit 0{x) with d = A can not be a maximal singularity. 

Proof. Let Ei be the divisor on Xi given by xi = lv^xq {i = 0,1,2) as in Lemma 
11.41 Suppose that 0((a;*, a;*, a;*)) is a maximal singularity, and let q : Xi —>■ Xi he the 
blowing-up at 0{{uj\ uj\ uj')). Then the linear system g*($~^(A))— r(i?ji+_Rj2+-Ri3+-Ri4) 
does not have any fixed components (we identify Rij (j = 1, 2, 3, 4) with the exceptional 
curves). Let Ei be the proper transform of Ei. Then 

4 

{-aq*Kx, -rY^ Rij)E, = 2a - 2r < 0. 
i=i 

This means that Ei is a fixed component of g*($^^(A)) — r(i?ji + Ri2 + -Rjs + Ra). 

Lemma 3.2 The orbit 0{x) with d = ?> can not be a maximal singularity. 

Proof. Suppose that 0{Pi) = {Pi, P2, P3} is a maximal singularity. We may assume that 
the irreducible component Ci in the divisor XQyoZo = passes through Pi. Let q : Xi ^ 
Xi be the blowing-up at 0(Pi). Then the linear system g*($~^(A)) — r(Pi + Pj + P3) 
does not have any fixed components (we identify Pj {j = 1,2,3) with the exceptional 
curves). Let Ci be the proper transform of Ci. Then 

3 

{-aq*Kx, -rY^ Pj)Ci = a - r < 0. 
i=i 

This means that Ci is a fixed component of g*($^^(A)) — r(Pi + P2 + P3). 
By Lemmas 13 . II and 13 . 21 Theorem ID. II for S4 follows. 

3.2 The case of 

By the same argument as in the previous case, the existence of $ implies the existence 
of an As-orbit 0{x), x & Xi with ^{0{x)) < 5. This contradicts Lemma fl. 51 
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4 A remark for versal S^-covers zus^^i : Xi ^ Yi and 

By the definition of versality, tfiere exist S'4-equivariant rational maps /ii : Xi --■> X2 
and fi2 ■■ X2 --^ Xi sucli tliat /ii(Xi) ^ Fix(X2,G) and /i2(^2) Fix(Xi,G). Note 
tfiat botli of Hi {i = 1, 2) are dominant as there exists no 1-dimensional versal S'4-cover. 
In this section, we give examples of such /ij {i = 1, 2) such that 

(i) both field extensions C(Xi)/C(X2) and C(X2)/C(Xi) induced by /xi and fj,2, 
respectively, are cyclic extension of degree 3, and 

(u) the field extension C(X2)/(/i2 o yUi)*(C(X2)) is Galois and its Galois group is 
ismorphic to (Z/SZ)®^. 

Let G be a subgroup of PGL(3, C) generated by the following matrices: 

/100\ /00l\ 

^= 001, fi=100 , Ci = 






C2 = -1 \ , Di = \ CO \ , D 



where u = exp(27r-\/— 1/3)- 

One can easily check the facts below 

1. The order of tl(G) of G is 216. 

2. The subgroup. Hi, generated by A, B, Ci and C2 is isomorphic to S^. 

3. The subgroup, H2, generated by Di and D2 is a normal subgroup of G. G is a 
semi-direct product of Hi and H2. 

4. The subgroup, H3, generated by -Di-D| is a normal subgroup of G. 

5. The representation of 5*4 by A, B, Gi, and G2 is conjugate to the representation 
described in Section ITTTl and is given by p{T){p{g))p{T)~^ , g G S4. 

Let [Xo,Xi,X2] be the homogeneous coordinate functions on P^. We define the 
action of G by 

[Xo,Xi,X2]^ := [Xq, Xi, X2\Ag, 
9 



where Ag denotes the 3x3 matrix corresponding g. Put x — Xi/Xq and y = X2/ Xq. 
Then C(P^) = <C{x, y) and the G-action with respect to x and y is described as follows: 

{^,y)^ ^ {y,x), (x,y)^ ^ (y/x,l/x), (x,yf^^(x,-y), 

Lemma 4.1 There exists u,v G C(P^)'^3 such that (i) C(P^)^^ = C{u,v), the invariant 
field by H3, and (ii) the S^-action induced by Hi is described as follows: 

(u, w)^ = {v, u), {u, v)^ = {v, 1/iuv)), 
(m, w)"-^! = {—u,v), {u/u)'^'^ = {—u,—v). 

Proof. Put u = x'^/y and v = y'^/x. Then one can easily check u^^^^ = u and ti^i^i = 
Hence u,v E C(p2)^^ We show that C{u,v) = C{¥^)"\ Let 6 = y/x. As 6^'^'^ = ujO, 
e ^ C(P2)^3. Since x = uO and y = O/v, we have C(p2) = C{u,v){e). Moreover, 
= v/u e C(m, v). Hence [C(p2) : C(m, v)] = 3 and this implies that C(m, v) = C{F'^)^\ 
The second assertion is straightforward by our choice of u and v. 

We now see that the 5'4-action on C{u,v) is identified with the one on C{Xi) as 
follows: 

Let {x,y,z) be the affine coordinate of P^ x P^ x P^ introduced in §1. The surface 
Xi is given by the equation xyz — 1 with respect to this coordinate. Put x — u,y — 
v,z — 1/xy, we can check that the two 5'4-actions coincide with each other. 

Now consider a sequence of fields: 

C(P^) c C(p2)^3 = C{Xi) c C(P^)^^ 
Corresponding to this sequence, we have rational maps 

II2 : P' Xi 

and 

pti : Xi ¥yH2. 

Since the subgroup Hi induces an 5'4-action on each surface, both //i and H2 are 
5'4-equi variant. Also the quotient surface P^/i?2 is isomorphic to P^ and the S'4-actions 
on P^ and P^/i/2 induced by Hi is identified with the one on X2{= P^). Finally the 
field extension (/i2 o /ii)*(C(X2)) C C(X2) is a (Z/3Z)®^-extension. Therefore we have 
the rational maps Hi and fi2 as desired. 

Remark 4.1 It may be an interesting question to consider if there exists a simple rela- 
tion between Xi and X2 in the case of A5 as above. 
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